Abstract: In this paper, a new computational benchmark test for fluid dynamics is presented. The new benchmark is based on the interaction of a single vortex structure (vortex patch) with a wall. It will be shown that it is possible to distinguish two critical or threshold values of the Reynolds number in the considered flow. The increase of the Reynolds number causes the appearance of the vortex bubble in the near-wall region first, and then next, the eruption of the boundary layer phenomenon. Further increase of the Reynolds number causes the flow to be more complex. The eruption phenomenon becomes more intense and also shows its regenerative nature.
Introduction
Vorticity is fundamental in the mechanics of fluids. Each real flow has a non-zero vorticity. A great number of phenomena in hydrodynamics is analyzed from the perspective of vorticity dynamics. Many flows produce characteristic vortices, of which their structure and behavior can give us much important and interesting information about the considered flow. Moreover, these vortex structures appear in very specific circumstances and act in very specific ways, depending on the Reynolds number. A well known example can be found in the flow around the cylinder, or in the flow in the rectangular box with one moving wall (cavity flow). The frequency of the vortices which have been shed from the cylinder, and the appearance and shape of the corner vortices in the cavity flow, change very specifically with the Reynolds number. They often serve as benchmark tests for new computational algorithms or experimental setups [1] .
In an incompressible flow, vorticity can be generated only on the rigid wall. Vortex production on the wall is forced by the fluid viscosity (no-slip condition). The production of the vorticity on the wall can be interpreted as necessary for the maintenance of the no-slip condition [2, 3] . Introduction of the vorticity from the wall can take place through short range diffusion, as in laminar flow, or can happen abruptly through vorticity eruption from the wall layer [4, 5] .
In some authors' recent works [4, 6] , the numerical investigation of the boundary layer eruption phenomenon was presented. The research was mainly focused on the mutual interaction of the single vortex structure with the plain and rigid wall. However, the flow itself does not always lead to the eruption. Further studies have shown that the vortex -wall interaction has a different nature in each different flow regime (different Reynolds number). The change of the flow is characterized by the appearance of new and distinct flow patterns and phenomena. Because the changes in the flow take place for a specific value of the Reynolds number, it can be considered a benchmark test as well. The eruption phenomenon is connected with the process, already described by Prandtl, as the separation of the boundary layer [7] . The process of separation takes place when two fluid particles with opposite velocity vectors meet at one point on the wall (Fig. 1) . Denoting the velocity component along the wall by , and perpendicular to it by , at the separation point we have:
Which means that the shear stress at the wall is zero. The condition above is important only for steady flows with a low Reynolds number. It was demonstrated for the first time by Prandtl [7, 8] . Moore, Rott and Sears (MRS) [9] [10] [11] presented arguments indicating that the condition (1) is insufficient for unsteady flows. According to MRS, the unsteady separation takes place when the stagnation point and the point of zero stress are located within the flow. The new condition becomes:
In this paper, it will be shown that the two conditions mentioned above will manifest as a result of the vortexwall interactions for different Reynolds numbers. The numerical technique used in the work is the Vortex Particle Method [12] . The main aim of this work is to show that the considered flow can serve as a new benchmark test. The emphasis will be put on the alternation of the flow structure as a result of increasing the Reynolds number. The paper is organized as follows: first, the necessary mathematical background, and then a detailed description of the Vortex Particle Method is presented. The next sections show the numerical results, a discussion, and conclusions.
Mathematical background and Vortex Particle Method
The vorticity form of the two-dimensional Navier-Stokes equations of the viscous and incompressible fluid motion is:
where u = ( ) is the velocity vector, ν is the kinematic viscosity coefficient, ∆ = ∂ 2 + ∂ 2 is the Laplace operator and ω = ∂ − ∂ . The equations (3) and (4) must be complemented by the boundary conditions for ω and ψ, and by the initial condition for ω. In vortex methods, the viscosity decomposition algorithm is commonly used [12] . This means that the equation (3) is solved in two steps: first, the inviscid equation:
then, the viscous diffusion equation (Stokes problem):
In this paper, equations (5) and (6) were solved by Vortex Particle Method.
Vortex Particle Method
From the equation (5), we can see that the vorticity remains constant along the trajectories of the fluid material particles (dω/d = 0). Mathematically, this fact can be expressed as:
where x( α) denotes the position of the particle at time , which at the initial instant = 0, was in the position α. According to the third Helmholtz theorem [13] , vorticity lines move with the ideal fluid. This means that the vorticity field evolution can be expressed as the movement of the infinite set of the vortex particles:
where α = (α 1 α 2 ) means Lagrange coordinates of fluid particles. By solving the Poisson equation for the stream function (4) and differentiating, the velocity field can be presented as dependent on the vorticity distribution:
where:
The equation (8) is a fundamental formula for direct vorticity methods [14] . The direct numerical algorithm to solve equation (8) has square complexity, which is exceedingly large. One of the approaches used to avoid this, is calculation of the velocity, which is done by solving the Poisson equation for the stream function (4) on the numerical mesh. Subsequently, the velocity from the mesh nodes is interpolated onto particle's positions. Such an approach significantly accelerates calculations, and for this reason, it was used in this work [12] . For the numerical calculations, the infinite set of differential ordinary equations (7) must be replaced with the finite set. In order to achieve this, the space of Lagrange variables is covered by a regular mesh ( ∆ ∆ ),
A similar mesh is also used to solve the Poisson equation, for the stream function, by the finite difference method. Next, the initial vorticity field is replaced by a distribution of vortex particles. Circulation is assigned to each particle:
where A = 2 denotes cell area with index = ( ), whereasω is the mean vorticity value for the cell. The Vorticity field is approximated by the sum of Dirac discrete measures:
where N is the number of particles and δ denotes the Dirac function. The solution of the equation (5) in the time interval ( +1 ) is obtained by solving a set of differential equations:
and the new positions of the particles are approximate solutions of the equation (5), for the time = +1 :
Circulations of particles change with time because of diffusion. This process is modeled by solving the diffusion equation (6) . In the present work, this equation was solved by the particle strength exchange method (PSE). The main idea of the PSE method is to replace the differential Laplace operator with the integral operator ∆ , [12] :
is a symmetric cutoff function, satisfying specific conditions for its moments. For the PSE method to be effective, the relation / ≥ 1 where is the cell size, must be satisfied, i.e. the supports of adjacent particles must overlap. Following equations (12) and (13), the change of the particle intensity due to viscosity can be expressed as:
The function η(x) can have infinite support, but then it requires calculation of the interaction of each vortex particle with all other particles in the flow domain. This means square computational complexity, proportional to O(N 2 ), where N denotes the number of vortex particles. A solution of this problem is to apply the function η(x) with finite support. In this paper, a second order function with finite support was chosen:
where C = 0 835 was calculated to satisfy the condition for the second moment: 2 η( )d = 2 [12] . In the case of function with finite support, computational effort is proportional to O( N), where refers to the number of particles within the support of the cut-off function. Because << N and are constant, the computational effort is proportional to O(N). In the algorithm developed for this work, the kernel (support) of the function (15) covered exactly 9 neighboring vortex particles ( = 9). Vortex particle methods belong to the class of selfadaptive methods. Vortex particles tend to gather in the regions of high velocity gradients. This can be deleterious to the precision of the viscous effect modelling, which can significantly alter the velocity field. In order to avoid these problems, it is necessary to apply an additional procedure ensuring a uniform distribution of vortex particles in the flow domain. This process is called remeshing. When vortex particles are uniformly distributed, the cut-off function (15) always covers exactly the same number of particles. This can be achieved when remeshing is performed in each time step. In this work, such an approach was adopted. After the advection step, vortices were distributed on a regular grid coinciding with the numerical mesh used to solve the Poisson equation (4). Reorganization of the particles' location and circulation was done by the second order interpolation kernel:
For particles located in the vicinity of the boundary (closer to the wall than 1/2 ), the interpolation kernel was [15] ( The two-dimensional interpolation kernel is a product of one-dimensional kernels: * ( ) = ( ) ( ). Finally, the interpolation proceeds as follows:
where Γ * denotes new circulation of the vortex particle in its new position ( * * ). To advance the position of the vortex particles in time, the set of differential equations (11) was solved by the second order Euler-improved method. The velocity of the particles between the grid nodes was calculated using the interpolation formula:
where is a basic bilinear Lagrange function. 
Vorticity Boundary Condition.
Describing the fluid motion using vorticity and stream function simplified the equations of the motion, but complicated the realization of the no-slip and no-penetration condition at the wall. Both normal and tangent components of the velocity field should vanish. The constant value boundary condition for the stream function at the wall ensures the zero value of the normal velocity component. However, the realization of the no-slip condition is not as straightforward.
In numerical practice of the vortex methods, realization of the no-slip condition is achieved by generating the appropriate amount of vorticity on the rigid wall. The vorticity can be generated by applying the proper Dirichlet or Neumann boundary conditions [16, 17] . In this work, a second technique was adopted [18] . Using this approach, the wall is treated as a vorticity layer with intensity γ = [ ω ]. In this instance, ω represents the velocity induced on the wall by the vorticity located inside the flow domain. The square bracket denotes a jump in the velocity value from zero to ω . The no-slip condition is achieved by the elimination of this undesirable vorticity layer by assigning a specific value of the vorticity flux (∂ ω) at the wall:
where the coordinate is perpendicular to the wall, and γ refers to the intensity of the vorticity layer along the wall.
To introduce a new vorticity, generated by the vorticity flux, into the flow domain, an additional initial-boundary value problem for the diffusion equation must be solved [16] :
It should be noted that the initial condition for the problem (21) is equal to zero. In the present work above, the equation was solved using a finite difference method. Subsequently, the vorticity obtained by solving the equation (21) was added to the vorticity already existing in the fluid and converted to particles.
Numerical Calculations and Results
The flow of our interest is the flow induced by a twodimensional vortex (vortex patch) moving along the wall. Figure 3 shows the schematics of the computation domain together with a vortex patch. The distance between the vortex center and the wall is , while is the vortex radius. To capture the characteristic features of the flow as a function of the Reynolds number, the vorticity equation 2. Calculation of the stream function (4) by the finite difference method (using a fast, elliptic equation solver).
3. Calculation of the velocity on the numerical mesh (using the second order formula).
Determination of the vorticity layer γ = and solution of the diffusion equation (21).

Displacement of the vortex particles, according to (11).
6. Remeshing of the vortex particles onto a regular grid ( formula (16) , (17)).
7. Changing of the particles' circulations, as a result of the diffusion, using the PSE method (14) .
The diffusion equation (21) was calculated by the fast, elliptic equation solver as well. For this purpose, the time derivative was replaced by its finite difference form: ∂ ω| = +1 ≈ ω +1 /∆ , (ω = 0) , which resulted in the elliptic equation:
Results and Discussion
A vortex patch, characterized by negative vorticity, in the presence of the wall beneath it, moves along it from right to left. In analyzing the velocity field induced by the patch, we can observe that the maximum velocity is directly below it. The pressure in this place has minimal value. To the left from the vortex structure, in the direction of motion, the velocity decreases while the pressure increases. This means that the direction of the pressure gradient vector (its horizontal component) is opposite to the horizontal By increasing the Reynolds number, we can observe distinguishably different patterns in the flow field, which can suggest a change in the flow regime. In performing careful computations, we can define two critical values of the Reynolds numbers, which announce the appearance of the new phenomenon. Figure 4 shows the considered flow for Reynolds number R = 500. In the figure, the vorticity field, along with the selected streamlines induced by the vortex patch, is presented. In this case, the flow is under strong influence of diffusion and vorticity, just decaying with time.
The flow stays qualitatively the same, till the Reynolds number reaches its first critical value: R I = 1000, Fig. 5 . The viscous forces are not as dominant as before, and we can observe the appearance of the recirculation zone near the wall (bubble vortex). The bubble develops up to a certain size and then it ceases because of the viscosity.
Further rising of the R number does not change the flow significantly. The only visible feature is the stretching of the vortex bubble in the direction normal to the wall, what causes the change of its shape. The situation changes drastically after the Reynolds number reaches its second critical value: R II = 5000, Fig. 6 . For R II = 5000, a new significant phenomenon manifests itself in the flow. It can be observed that the nearwall recirculation zone is intensely stretched in the direction normal to the wall, which finally results in splitting. Streamlines form the characteristic "figure of 8" shape with a saddle point (frame = 11 25 in Fig. 6 ). This process results in the eruption phenomenon, which manifests itself as an ejection of a portion of the fluid from the boundary layer to the outer flow. This portion is enclosed in the new vortex structure (closed streamlines) (frame = 15 in Fig. 6 ).
Increasing the Reynolds number above the R II causes more intense and frequent eruptions, which make the flow to be more and more complex. Figures 7 and 8 present the considered flow for R = 10000 and R = 50000, respectively. In this case, the generated vortex structure on the wall has high intensity and does not disperse, but goes around the primary vortex patch. This creates successive vortex bubbles and eruptions (frames = 28, = 56 in the Fig. 7 ) For R = 50000, not only one vortex structure but a sequence of vortex structures, detach from the wall (Fig. 8 , frame = 85). For such high values of the Reynolds number, eruptions of the boundary layer causes highly complex flow and can give some ideas on near-wall turbulence.
Conclusions
The presented results show that the flow, induced by the motion of the vortex patch above the wall, can serve as a benchmark test for new computational algorithms or experimental setups. Numerical results indicate that it is possible to distinguish two critical Reynolds numbers: R I = 1000 and R II = 5000 in the considered flow.
Exceeding one of these threshold values causes the flow to change qualitatively. After crossing the threshold value of the R I , we can observe the appearance of the near-wall recirculation zone -vortex bubble. This critical value indicates that viscous forces are not predominant in the flow any more. Inertial forces start to be important as well. In between the Reynolds number R I = 1000 and R II = 5000, the flow preserves its basic structure, only the shape of the vortex bubble becomes more stretched in the direction normal to the wall.
Next, and more significantly, a change in the character of the flow occurs when the Reynolds number crosses the second threshold value. Above R II = 5000, the eruption process takes place, which drastically changes the dynamics of the flow. The vortex bubble splits apart and a secondary vortex patch enters the flow domain. The new vortex structure alternates the motion of the primary vortex patch.
The increase of the Reynolds number above the second critical value causes the flow to become more complicated. It is possible to observe the regenerative nature of the eruption phenomenon: the creation of successive vortex bubbles and eruptions. In these complications, there appears a cascade of vortices that detach from the wall and move around the primary vortex patch, evoking the sequence of secondary eruption events.
Results from this paper can be especially used to test other computational methods which focus on vortex-wall interactions. However, they can also be used as predictions of significant alternations in any flow with rigid boundaries. Being close to the critical value of R can indicate that a transition to a different flow regime is likely to occur. Since the numerical value of critical R depends on its definition, that is why this should be considered in application to the different types of flow.
Moreover, the presented results can also have piratical meaning. The observed phenomena can be seen as typical phenomena for flows with rigid boundaries. The value of the Reynolds number can tell us what kind of phenomenon is likely to occur. From the perspective of specific applications, in some cases it is more desirable to be below or above certain critical values of the Reynolds number. For example, in the flows connected to heat exchange or mixing, it is desirable to maintain the flow above R II , because eruption phenomenon intensifies momentum and heat exchange. For other applications, it may be crucial to stay below the R II number, because eruptions provoke significant perturbations of the pressure and velocity fields.
The method which was used in this work was tested thoroughly by applying it to a variety of simple test problems with analytical solutions: Poiseuille flow, second Stokes problem, and well known benchmarks: cavity, backward step flow. The results were published in [1] . The rate of convergence of the method was shown to be ∼ 1 5. The obtained results were in agreement with experimental data and other numerical methods.
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